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Abstract

The problem of laminar supersonic flow past an eroding hump is formulated on the basis of the triple deck theory. Th
ing lower deck problem is intrinsically unsteady with a moving boundary, the hump surface. Numerical solutions are o
starting from a steady hump flow till the hump and its contamination particles are totally removed from the computatio
main. Typical results are presented; showing how the erosion of the hump progresses, and how the contamination sp
effect of the Schmidt number is also studied. The results attest to the validity of the triple deck model as well as the n
solution method.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

Flows past surfaces that erode, contaminating the fluid, are encountered in many situations. An example of envir
impact is the contamination of air as wind passes over piles of chemical waste or sand hills. Another example is re-ent
which involve ablation of surface coating at supersonic speeds to guard against overheating. Erosion caused by fluid fl
used for machining and polishing of surfaces.

To understand the erosion process and estimate the extent and time scale of the contamination process, we study
sonic flow past a hump that erodes shedding its particles to the flow. The mathematical model we choose is that of
deck theory [1]. It is an asymptotic model valid in the limit of infinite Reynolds number that takes into account the
viscid/inviscid interaction, which accompanies fast streamwise changes.

Numerous triple deck problems can be found in the literature. The one of concern to the present work is the flo
hump. The steady two-dimensional problem was first formulated by Smith [2] and solved numerically by Napolitano
and Werle [3]. Smith, Sykes and Brighton [4] handled a three-dimensional hump. Sykes [5] included upper deck stra
in his steady hump flow. The unsteady hump problem was analyzed by Duck [6,7] and Bodonyi et al. [8]. The unstea
externally imposed on the flow, and interest is mainly directed toward wave formation.
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Nomenclature

a∗ sonic speed
A displacement function
c (C) concentration (normalized)
cs (Cs) saturation concentration (normalized)
f ∗ (F ) height of hump (normalized)
G concentration gradient function
h∗ enthalpy
i (I ) counter ofX-grid lines (end value)
I identity tensor
j (J ) counter ofy-grid lines (end value)
�∗ length of hump
L∗ length of flat plate preceding hump
Ma freestream Mach number
p∗ (P ) pressure (normalized)
Q pressure gradient function
r relaxation factor
R∗ gas constant
Re freestream Reynolds number
Sc Schmidt number
t∗ (T ) time (normalized)
�∗ shear stress tensor
u∗ (U) longitudinal velocity (normalized)
v∗ (V , v) lateral velocity (normalized, shifted)
v∗ velocity vector
W shear function
x∗ (X) longitudinal coordinate (normalized)
y∗ (Y, y) lateral coordinate (normalized, shifted)

Greek letters

β Mach factor;β = |Ma2 − 1|1/2

γ, γ ′ ratio of specific heats,γ ′ = γ /(γ − 1)

Γ ∗ body force per unit volume
δ y-step size

� X-step size
ε small parameter;ε = Re−1/8

ηA,ηbe, ηF convergence tolerances
θ∗ temperature
κ∗ heat conductivity
λ∗ diffusion coefficient
µ∗ (µ′∗) first (second) viscosity
πz normalization factor forz
ρ∗ density of fluid
σ∗ density of hump
τ boundary layer shear stress
ϕ∗ surface function
ω reciprocal of time step size

Operators

D∗ substantial derivative
∇∗ gradient
( ),z derivative of ( ) with respect toz

Subscripts

b (B) current (initial) beginning point of hump
e (E) current (initial) ending point of hump
o initial
s surface
∞ freestream

Superscripts

k iteration counter
n time level counter
∗ dimensional quantity

The present problem has several new features that distinguish it from previously handled triple deck problems, and
numerical solution a difficult task. It is unsteady; the unsteadiness being intrinsic due to the erosion process. The surf
hump is a moving boundary that diminishes both longitudinally and laterally. The concentration enters as an additional
together with its transport equation and abruptly changing boundary conditions.

Nonetheless, it was possible to compute a solution, starting from a steady state hump flow till the complete remov
hump and its contamination particles from the computational domain. The moving boundary of the hump was tran
into a fixed one through an unsteady version of Prandtl’s transposition (shift) theorem [9]. The steady problem was s
the efficient steady solver of El-Mistikawy [10]; which adopted a non-iterative, second order accurate streamwise m
technique. The solution of the unsteady problem advanced in time in an iterative implicit manner with first order ac
All terms in the problem were represented in the new time level; except for the time derivative terms, which used b
representation. The resulting problem, being as close as could be to the steady problem, was solved by the steady so

The numerical results give plausible account of the erosion and contamination processes. The effect of the Schm
berSc, representing the ratio of momentum to concentration diffusivities, is explored. As expected, an increase inSc is found to
cause a decrease in the erosion rate and lateral spread of the contaminant; in accordance with the limiting behavior aSc grows
indefinitely.
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Fig. 1. Flow configuration.

2. Statement of the problem

A two-dimensional laminar compressible flow along a semi-infinite flat plate encounters a contamination spot in t
of a hump (Fig. 1). At the leading edge of the plate, we introduce Cartesian coordinate axes:x∗ along the plate pointing
downstream andy∗ in the outward lateral direction. The hump has densityσ∗. It begins at point B at a distanceL∗ from the
leading edge, and extends a distance�∗ to end at point E. Its height is described by

y∗ = f ∗
o (x∗ − L∗), L∗ � x∗ � L∗ + �∗. (1a)

The whole surface is maintained at a fixed temperatureθ∗
s at which the clean fluid has densityρ∗

s and viscosityµ∗
s, and

admits saturation concentrationcs and diffusion coefficientλ∗
s.

Far from the surface, the uncontaminated freestream has uniform velocityu∗∞ in thex∗ direction, temperatureθ∗∞, density
ρ∗∞, pressurep∗∞, sonic speeda∗∞, and viscosityµ∗∞. The freestream is supersonic with Mach numberMa = u∗∞/a∗∞ > 1.
The Reynolds numberRe = ρ∗∞u∗∞L∗/µ∗∞ is large and relates to a diminishing parameterε = Re−1/8.

For �∗ = O(ε3L∗) andf ∗
o = O(ε5L∗), the boundary layer structure forming upstream of the hump develops into a

deck structure around the hump. The lower deck problem for this steady flow was obtained by Smith [2] and solved num
by Napolitano et al. [3].

At time t∗ = 0, erosion starts as particles of the hump diffuse into the flow to be washed downstream by the on
clean fluid. The contamination is, therefore, confined to the lower deck and its downstream continuation. The steady tr
structure remains intact; however, the lower deck has to be corrected for the unsteady contamination process. The l
variables show dependence on the timet∗, which has to be O(ε2L∗/u∗∞) for the unsteadiness to be of leading order effe
In particular, the hump is, now, described by

y∗ = f ∗(x∗ − L∗, t∗), x∗
b(t∗) � x∗ � x∗

e(t∗), (1b)

wheref ∗(x∗ − L∗,0) = f ∗
o (x∗ − L∗), x∗

b(0) = x∗
B = L∗, andx∗

e(0) = x∗
E = L∗ + �∗.

(Henceforth,f ∗ is extended to describe the entire surface, given zero value outside the intervalx∗
b < x∗ < x∗

e. The entire
surface can therefore be described byy∗ = f ∗, or alternatively, byϕ∗(x∗, y∗, t∗) = 0 whereϕ∗ = y∗ − f ∗.)

The governing continuity, momentum, concentration, and energy equations are written here for completeness. Fo
see, for example, reference [11].

D∗ρ∗ + ρ∗∇∗ · v∗ = 0, (2a)

ρ∗D∗v∗ + ∇∗p∗ = ∇∗ · �∗ + Γ ∗, (2b)

ρ∗D∗c = ∇∗ · (λ∗∇∗c), (2c)

ρ∗D∗h∗ − D∗p∗ = �∗ : ∇∗v∗ + ∇∗ · (κ∗∇∗θ∗). (2d)

They are supplemented by the perfect gas laws

p∗ = R∗ρ∗θ∗, a∗2 = γR∗θ∗, h∗ = γ ′R∗θ∗ (2e–g)

and the constitutive relation for the shear stress tensor�∗

�∗ = µ∗[∇∗v∗ + (∇∗v∗)#
] + µ′∗(∇∗ · v∗)I. (2h)
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Respectively,D∗ and∇∗ are the operators of substantial derivative and gradient.ρ∗, p∗, θ∗, h∗, a∗, c, andv∗ = (u∗, v∗)

are the density, pressure, temperature, enthalpy, sonic speed, concentration, and velocity vector.λ∗, κ∗, µ∗, andµ′∗ are the
coefficients of diffusion, heat conductivity, first viscosity, and second viscosity.R∗ is the gas constant.γ is the ratio of specific
heats andγ ′ = γ /(γ −1). I is the identity tensor, and(∇∗v∗)# is the transpose of∇∗v∗. Γ ∗ is the body force per unit volume

The conditions at the surface are, concisely,

v∗ × ∇∗ϕ∗ = 0, D∗ϕ∗ = 0, λ∗∇∗c · ∇∗ϕ∗ = σ∗v∗ · ∇∗ϕ∗. (3a–c)

The first is the no-slip condition, forcing the velocity vector to be along the normal to the hump surface∇∗ϕ∗. The second is
the adherence condition, insuring that the fluid element adjacent to the hump surface follows the surface in its motion.
is the Stefan condition, equating the rate at which the contaminant diffuses into the fluid to the rate at which the conta
particles are removed from the hump. In addition, the saturation condition

c = cs (3d)

applies at the hump surface.
Carrying out the usual triple deck analysis (taking the Schmidt numberSc = µ∗

s/λ∗
s to be O(1) and neglecting the body forc

term) leads to a lower deck problem that can be written as follows (a comma followed by a subscript denotes different

U,X + V,Y = 0, (4a)

U,T + UU,X + U,Y V + P,X = U,YY , P,Y = 0, (4b,c)

C,T + UC,X + C,Y V = Sc−1C,YY , (4d)

U = 0, V = F,T = Sc−1C,Y , C = Cs atY = F(X,T ), X ∈ [
Xb(T ), Xe(T )

]
, (4e–h)

U = 0, V = 0= C,Y atY = 0, X /∈ [
Xb(T ),Xe(T )

]
, (4i–k)

U,Y ∼ 1, U ∼ Y − A(X,T ), C ∼ 0 asY ∼ ∞, (4l–n)

U ∼ Y, A ∼ 0, C ∼ 0 asX ∼ −∞, (4o–q)

P ∼ 0 asX ∼ ∞, 4r)

P = A,X. (4s)

All lower deck variables are normalized. The Cartesian coordinates(X,Y ), hump heightF , velocity components(U,V ),
concentrationC, pressureP , and timeT are related to the corresponding physical variablesx∗, y∗, f ∗, u∗, v∗, c, p∗, andt∗
as follows:

x∗ − L∗ = ε3πxXL∗, y∗ = ε5πyYL∗, f ∗ = ε5πyFL∗, (5a–c)

u∗ = επuUu∗∞, v∗ = ε3πvV u∗∞, c = πcC, (5d–f)

p∗ − p∗∞ = ε2πpPρ∗∞u∗2∞, t∗ = ε2πtT L∗/u∗∞. (5g,h)

Theπ ’s are normalization factors given by

πx = ρ
−1/2
s µ

−1/4
s β−3/4τ−5/4, πy = ρ

−1/2
s µ

1/4
s β−1/4τ−3/4, (6a,b)

πu = ρ
−1/2
s µ

1/4
s β−1/4τ1/4, πv = ρ

−1/2
s µ

3/4
s β1/4τ3/4, (6c,d)

πc = σ∗/ρ∗
s , πp = µ

1/2
s β−1/2τ1/2, πt = µ

−1/2
s β−1/2τ−3/2, (6e–f)

whereρs = ρ∗
s/ρ∗∞ andµs = µ∗

s/µ∗∞; β = |Ma2−1|1/2 is the Mach factor; whileτ is a non-dimensional constant represent
the surface shear of the clean boundary layer, as it approaches the hump region.

Conditions (4e–g) are normalized leading order forms of the no-slip, adherence, and Stefan conditions (3a–c). So a
tions (4i–k) but forf ∗ = 0 (i.e.ϕ∗ = y∗). The saturation condition (4h) completes the conditions at the hump surface.

Conditions (4l–n), (4o–q), and (4r) are matching conditions to the middle deck, the lower part of the oncoming bo
layer, and the downstream continuation of the lower deck, respectively. In particular, conditions (4n) and (4q) indicate
flow in the middle deck and the oncoming flow are uncontaminated.

Finally, the interaction law (4s) expresses the sustained interaction between the supersonic potential flow in the up
and the viscous flow in the lower deck. It relates the pressure perturbation produced in the former to the displacem
produced in the latter;A being an unknown displacement function defined by condition (4m).

The initial conditions atT = 0 for the unsteady problem (4) result as the solution of the steady problem; which c
obtained by dropping all time derivative terms together with the saturation condition (4h), and settingF(X,0) = Fo(X),
Xb(0) = XB = 0 andXe(0) = XE. The concentration equation (4d) and its boundary conditions (4k), (4n), and (4q),
have the solution of everywhere clean initial flowC = 0.
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3. Numerical solution

The lower deck problem (4) has a moving boundary that diminishes in size, both longitudinally and laterally, c
intrinsic unsteadiness that is not externally imposed on the flow. The hump heightF(X,T ) as well as its nonzero interva
Xb(T ) < X < Xe(T ) has to be determined as a part of the solution.

3.1. Reformulation

It proved beneficial, in handling the steady problem (e.g. [2] and [3]), to apply Prandtl’s shift [9]

y = Y − Fo, v = V − UFo,X (7a,b)

in order to transfer the surface conditions to the liney = 0. Likewise, for the unsteady problem, we apply the unsteady shi

y = Y − F, v = V − UF,X − F,T . (8a,b)

Note thatv in the steady problem and the initial value (atT = 0) of v in the unsteady problem are not the same. They d
by F,T (X,0), as the shift rules (7b) and (8b) forv indicate. Moreover, the shift results in discontinuities inv across the lines
X = Xb andX = Xe due to the discontinuity inF,X .

We next introduce the shear functionW(X,y,T ), the concentration gradient functionG(X,y,T ), and the pressure gradie
functionQ(X,T ), as defined below in Eqs. (9c), (9e), and (9u), in order to recast problem (4) in the new form

U,X + v,y = 0, (9a)

U,T + UU,X + U,y v + Q = W,y , W = U,y , (9b,c)

C,T + UC,X + C,y v = Sc−1G,y , G = C,y , (9d,e)

U = 0, v = 0, F,T = Sc−1G, C = Cs aty = 0,X ∈ [Xb,Xe], (9f–i)

U = 0, v = 0, G = 0 aty = 0,X /∈ [Xb,Xe], (9j–l)

W ∼ 1, U ∼ y − A + F, C ∼ 0 asy ∼ ∞, (9m–o)

U ∼ y, A ∼ 0, C ∼ 0 asX ∼ −∞, (9p–r)

P ∼ 0 asX ∼ ∞, (9s)

P = A,X, Q = P,X. (9t,u)

It is noted that the concentration field affects the velocity field only through varying the surface height as expressed b
tion (9h).

3.2. Time discretization

Contrary to the popular practice of modeling a steady solver after an unsteady one, the present work relies on mo
unsteady solver after a successful steady one. All terms in problem (9) are expressed in the new time leveln + 1, except for
the time derivative terms which are expressed with first order accuracy using the backward difference representatioU,T =
ωn(Un+1 −Un), C,T = ωn(Cn+1 −Cn), andF,T = ωn(Fn+1 −Fn) whereωn = (T n+1 − T n)−1. The resulting problem is
as close as possible to the steady problem and is, therefore, solved by a steady solver. All we need from the old timen is
Un, Cn, andFn. This reduces the storage requirements and avoids having to usevn, which is discontinuous at the initial tim
leveln = 0.

3.3. Iterative procedure

The steady solver we choose is El-Mistikawy’s method [10]. It is an efficient iterative method that takes, in thekth iteration,
an old distributionAk of the displacement function and produces a new oneAk+1. All equations and conditions in problem (
are expressed in the new iteration levelk + 1, except for condition (9m) which is written as follows

Uk+1 ∼ y − Ak + Fk asy ∼ ∞ (9m′)
and Eq. (9u) which is replaced by the relaxation relation

Pk+1,X − Qk+1 = r(Ak+1 − Ak), (9u′)
wherer is a relaxation factor. ThatF is given its old valueFk in condition (9m′) is in accord withF being fixed (i.e. known)
in the steady problem. (For convenience, the superscriptsn + 1 andk + 1 will be dropped, henceforth.)
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3.4. Computational domain and layout

The computational domain covers the region of theXy-plane described byX−∞ � X � X+∞, 0 � y � y+∞ , where
−X−∞, X+∞ andy+∞ are large enough to allow for adequate enforcement of the asymptotic conditions (9m–s). It is d
into rectangular cells by a grid of (i)-linesX = X(i) and (j )-linesy = y(j). The counteri = 1→ I is such thatX(1) = X−∞,
X(iB) = XB, X(ib) = Xb, X(ie) = Xe, X(iE) = XE, andX(I) = X+∞; while the counterj = 1 → J is such thaty(1) = 0
andy(J ) = y+∞. The typicalij -cell hasX-step�(i) = X(i) − X(i − 1) andy-stepδ(j) = y(j) − y(j − 1), and through its
midpoint pass the (i − 1

2) and (j − 1
2)-lines.

El-Mistikawy’s method [10], as applied to the steady problem, involves implicit marching in theX-direction that advance
the solution non-iteratively from ani-line to the next, and uses three-point representation in theX-direction to achieve secon
order accuracy. Its success can be attributed to the discretization layout it adopts; namely,U is assigned to the grid points (i, j)

whereasv andW are assigned to the points (i − 1
2, j). For the unsteady problem, comparison of Eqs. (9b,c) to Eqs. (9

shows thatC andG play the roles ofU andW , respectively. They are, therefore, assigned to the same points;C to (i, j) and
G to (i − 1

2, j). Moreover, similar finite difference representations are applied to similar terms in the compared equatio

X-dependent variablesA andP are assigned to thei-lines, whereasQ is assigned to the (i − 1
2)-lines. As for the hump height

F is assigned to thei and (i − 1
2)-lines.

3.5. Space discretization

Eqs. (9a–e) are centered at the midpoint of theij -cell. Central difference expressions, in terms of the abovementioned la
are used throughout. However,U the coefficient ofU,X andC,X in Eqs. (9b,d) andU,y in Eqs. (9b,c) are represented in term

of the (i − 1
2)-values ofU , thenU(i − 1

2, j) is expressed backwards asU(i − 1, j) + 1
2�(i)U,X (i − 1

2, j) in Eqs. (9b,d) and

forwards asU(i, j)− 1
2�(i)U,X (i − 1

2, j) in Eq. (9c). For these representations to be second order accurate in theX-direction,

U,X (i − 1
2, j) may be represented with first order accuracy. Ati = 2, we setU,X (i − 1

2, j) = 0 in accordance with condi
tion (9p). Next to the two linesi = ib andi = ie wherev (and consequentlyU,X) is discontinuous, we use the respectivekth
iterateUk,X (i + 3

2, j) with the representation [Uk(i + 2, j) − Uk(i + 1, j)]/�(i + 2) to approximateU,X (i + 1
2, j) and to

representU,X (i + 3
2, j). Otherwise, since continuity permits,U,X (i − 1

2, j) is approximated by its counterpart at the (i − 3
2)-

line with the representation [U(i − 1, j) − U(i − 2, j)]/�(i − 1). A treatment similar to that ofU,y in Eqs. (9b,c) is applied to
C,y in the corresponding Eqs. (9d,e).

At each i-line, the resulting 5(J − 1) finite difference equations involve the 5J + 1 unknowns:U(i, j), C(i, j),
v(i − 1

2, j), W(i − 1
2, j), andG(i − 1

2, j) for j = 1 → J ; together withQ(i − 1
2). They are to be supplemented, in vie

of conditions (9f–o), withU(i,1) = 0, v(i − 1
2,1) = 0, C(i,1) = Cs whenib < i � ie, G(i − 1

2,1) = 0 wheni � ib or i > ie,

W(i − 1
2, J ) = 1, U(i, J ) = y+∞ − Ak(i) + Fk(i), andC(i, J ) = 0. This set of linear equations is efficiently solved for t

unknowns by the appending (non-bordering) technique of reference [12].

3.6. Solution steps

At each new time leveln + 1, a two-step iterative procedure is performed. The first step of thekth iteration solves for
U,v,C,W,G, andQ by marching in theX-direction, which starts ati = 2 (where conditions (9p,r) supply the needed val
at i = 1) and ends ati = I . This is followed by evaluating a new distribution forF as follows. Condition (9h), expressed at t
(i − 1

2)-lines, givesF(i − 1
2) = Fn(i − 1

2) + Sc−1G(i − 1
2,1)/ωn which is used to determineF(i − 1

2), for ib < i � ie. The
resultingie − ib − 1 values together with the end conditionsF(ib) = F(ie) = 0 suffice to determineF(i) for ib < i < ie, when
F is represented by quadratic splines so thatF andF,X are continuous at eachi-line.

In the second step of thekth iteration, we solve forP andA. Eqs. (9t) and (9u′) are centered at the (i − 1
2)-lines and centra

difference representations are used to achieve second order accuracy. Conditions (9q) and (9s) complete the set o
which are solved to giveP(i) andA(i) for i = 1→ I .

Of thekth iterates onlyFk(i), Ak(i), Uk,X (ib + 3
2, j), Uk,X (ie + 3

2, j), Ck,X (ib + 3
2, j), andCk,X (ie + 3

2, j) need to
be stored for use in the next iteration. Their first iterates (whenk = 1) are taken from the solution at time leveln.

The iterative process continues untilA andF reach convergence as judged by the satisfaction, everywhere, of the inequ
|Ak+1(i) − Ak(i)| < ηA and|Fk+1(i) − Fk(i)| < ηF whereηA andηF are prescribed tolerances. This marks the end of
present time step.

We advance in time, step by step. At the instant when eitherF(ib + 1) or F(ie− 1) becomes less than a prescribed tolera
η , we increasei by 1 or decreasei by 1, respectively, and setF = 0 there.
be b e
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The steady problem is obtained by canceling the time derivative terms, dropping condition (9i), and settingFk = Fo,
Xb = XB, andXe = XE to describe the hump in its prescribed initial state. Its solution procedure is equivalent to one tim
of the unsteady solver. It ends whenA reaches convergence, starting from its guessed distributionA = Fo.

3.7. Implementation

We applied the numerical method explained above to a hump described byFo = 4X(1 − X); thus havingXE = 1. The
computational domain extended toX−∞ = −10,X+∞ = 16, andy+∞ = 12. The grid was such thatI = 131,J = 39,iB = 36,
andiE = 61. Variable step sizes in both directions were utilized to suit regions of fast or slow changes. Initially, theX-step size
� took the values: 0.4 (for 1< i � 6 and 116< i � 131), 0.3 (for 6< i � 26 and 96< i � 116), 0.2 (for 26< i � 36 and
86< i � 96), 0.04 (for 36< i � 61 and 72< i � 76), 0.05 (for 76< i � 80), and 0.1 (for 80< i � 86). This left a gap of size
0.04 that followedi = iE. It was divided by 10i-lines into much smaller 11 steps; 5 of size 0.002, 3 of size 0.004, then
size 0.006. As time passed, the end of the hump retracted, by steps of size 0.04, fromi = iE to i = ie. After each retraction
those 11 steps were transferred so that they always followed the newie-line. To put this transfer into effect, we only needed
perform a linear interpolation in order to produceA(i) at the 10i-linesie < i < ie+ 11 in their new location. They-step sizeδ
took the values: 0.02, 0.04, 0.06, and 0.08 each for one step, 0.1 for 2 steps, 0.2 for 6 steps, 0.3 for 8 steps, 0.4 for 10
0.5 for the last 8 steps. For convergence tolerances, we choseηA = ηF = ηbe= 10−4. A time step of size 0.2 was consisten
used, unless a change inib or ie was anticipated. Then, the instant of change was captured in one or two steps within
interval of 0.4 involving three steps; each not exceding 0.2. The suitable value for the relaxation factorr was 0.5 for the stead
problem and 10 for the unsteady problem. These choices made it possible to proceed with the solution till a hump cha
by saturation concentrationCs = 0.01 was totally erased, and the contaminant was completely washed out of the compu
domain. To study the effect of the Schmidt number, four values ofSc (0.2, 0.5, 1, and 2) were used.

4. Results

The results of the typical case (Sc = 1) agree with what one expects. The erosion in the front of the hump is faster th
its back. The originally symmetric hump progressively looses its symmetry. This is obvious in Fig. 2 showing the hum
at different times of interval 20.

The contamination spreads laterally mainly by diffusion and longitudinally downstream mainly by convection. The c
ination boundary, defined to be having concentration of 1%Cs, is shown in its development stage in Fig. 3(a) and afterward
Fig. 3(b). It expands laterally then approaches a ceiling (atT ≈ 10), as the oncoming clean fluid carries the contaminant fur
and further downstream till it reaches the computational boundary (X = 16). With the diminishment of the hump the ceilin
falls gradually, and after the hump is completely removed (atT ≈ 106) the contamination boundary travels downstream u
it departs the computational domain (atT ≈ 118). Fig. 4 presents several concentration contours at the instantT ≈ 16 when

Fig. 2. Erosion of hump.
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Fig. 3. Contamination boundary (C/Cs = 1%). (a) early stages 0� T � 8; (b) later stagesT � 10.

the 10%Cs contour reaches its farthest downstream extent. Higher concentration contours, likewise, extend to their far
earlier (e.g. atT ≈ 9 for the 20%Cs contour); then retract slowly marking a slight prominence of convection over diffusio

As expected, increasing the Schmidt numberSc leads to a decrease in the lateral extent of the contamination as well
the erosion rate of the hump. The contamination ceiling atX = 10, for example, reachesy ≈ 9.90, 7.34, 5.85, or 4.66 whe
Sc = 0.2, 0.5, 1, or 2, respectively. The corresponding time required for complete removal of the hump isT ≈ 37.1, 67.4,
106.1, or 167.3. These trends are expected to persist asSc increases indefinitely, since Eq. (9c) implies that a “concentra
boundary layer” forms withU ∼ y ∼ Sc−1/3 andv ∼ y2 ∼ Sc−2/3. Then, the rate of erosionF,T is found from condition (9h)
to diminish asSc−2/3. This limiting behavior predicts a contamination ceiling that reachesy ≈ 10.00, 7.37, 5.85, or 4.64 a
X = 10 and a removal timeT ≈ 36.3, 66.8, 106.1, or 168.4, when proportionality to the caseSc = 1 is invoked; in remarkable
agreement with the aforementioned numerical results.

5. Conclusion

In this paper, we have studied what we believe to be the first moving-boundary problem formulated within the frame
the triple deck theory. The supersonic flow past a flat surface having a contamination spot – in the form of a hump tha
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Fig. 4. Concentration contours atT ≈ 16.

contaminating the flow – has been considered. The shape of the hump, which diminishes in size both longitudinally and
needs to be determined as a part of the numerical solution process. The difficulties, associated with the erosion of
and the contamination of the flow, have been handled efficiently. The results indicate that the lateral spread of the con
is confined to a neighborhood of the surface that diminishes forming a concentration boundary layer, as the Schmid
increases. Agreement with the scaling laws of this boundary layer is observed even for considerably law values of the
number.
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